ISSN 1927-0259 [Print]
ISSN 1927-0267 [Online]
www.cscanada.net
www.cscanada.org

Higher Education of Nature Science

Vol. 1, No. 1, 2011, pp. 10-13
DOI:10.3968/j.hens.1927026720110101.121

Control of Chaos in Rotational Motion of a Satellite in an Elliptic Orbit

Mohammad Shahzad1,*

biology[7], economics[8, 9, 10]), where chaotic modes may
appear sometimes as harmful, sometimes as useful.
Moreover, entire classes of problems that are of practical
importance arose where one has to control a nonlinear
dynamical system by reducing or increasing the degree of
its chaoticity. On the contrary, the scientific applications
(in nonlinear sciences & engineering), are vectored to
the control theory and their methods for discovering new
properties and regularities in behavior of physical systems,
in comparison to particular applications. They often make
use of simplistic model descriptions of the systems. The
smallness of requirement or other constraints on the class
of admissible control actions play an important role.
Introduction of these (explicit or implicit) constraints is
aimed at elucidating the internal properties inherent in
the system itself and not forced on it by a strong control
action.
Since last two decades, suppression and
synchronization of chaos have become the two prominent
and leading applications of chaos control theory. The
emergence of these two areas in the study of nonlinear
dynamical systems is traceable to the pioneering classical
chaos control theory of Ott, Grebogi and Yorke[11] and
the seminal work of Pecora and Carroll[12]. Following the
OGY scheme[11], other methods have been proposed to
achieve chaos control, these include: feedback controls[13,
14]
, adaptive control[15, 16], back stepping design[17, 18] and
sliding-mode control[19, 20], etc. The aforesaid mentioned
methods and many other existing synchronization methods
mainly concern the synchronization of two identical
chaotic systems. In real life applications, however, it is
hardly the case that the structure of drive and response
chaos systems can be assumed to be identical. In fact,
in systems such as laser array, biological systems to
cognitive processes, it is hardly the case that every
component can be assumed to be identical. Moreover, the
system’s parameters are inevitably perturbed by external
inartificial factors and cannot be exactly known in priori.
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Abstract

This paper is concerned with control of chaos in rotational
motion of a satellite in an elliptic orbit. We have
investigated a very small robust control term (as compared
to the perturbation) to the order of for the Hamiltonian of
rotational motion of a satellite in an elliptic orbit which is
close to integrable. By adding the small and simple control
term to the perturbation, the system of rotational motion
of a satellite becomes more regular than the previous one.
This control of chaos has been shown computationally
through the Poincare surface of sections.
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INTRODUCTION
The chaotic dynamical system is an interesting research
area and has drawn wide attention. The responses of
many nonlinear dynamical systems show some random
phenomena. Today, this irregular and random-like
behaviour is termed as chaos and has attracted a great deal
of researchers. Much work on analyzing and predicting the
behaviour of chaotic dynamical systems has been reported
in the literature of nonlinear dynamical systems over the
last two decades (e. g. mechanics, communication, laser
& radio physics [1, 2, 3, 4, 5], chemistry & biochemistry [6],
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Therefore, control or synchronization of chaotic systems
is more essential and useful in real-life applications.
In the present studies, we focus on the strategy
to control transport properties without significantly
altering neither the original structure of the system under
investigation nor its overall chaotic structure which is
based on building barriers by adding a small perturbation
localized in phase space therefore, confining all the
trajectories. The main motivations behind a localized
control are: the control of a physical system can only be
performed in some specific regions of phase space. Often,
it is sometimes desirable to stabilize only a given region
of phase space without modifying the major part of phase
space in order to preserve some specific features of the
system. This method can be used to bound the motion of
particles without changing the perturbation inside (and
outside) the barrier. Also, using a localized control means
to inject much fewer energy than a global control in order
to create isolated barriers of transport. In this direction to
control chaos attempts have been made by[21 - 26].
Here the meaning of control is reduce or suppress
chaos by inducing a relevant change in the transport
properties by means of a small perturbation so that the
original structure of the system under investigation is
substantially kept unaltered. It has been shown in[21 - 26]
that a very small and suitably chosen perturbation can
indeed be an efficient control for perturbed Hamiltonian
systems. In [25] , Khan & Shahzad have studied the
Hamiltonian system of Mimas-Tethys system (The natural
satellites of Saturn) by keeping the original structure of
the system unaltered. During their study, they have found
that the chaos in the Mimas-Tethys system is suppressed
drastically.
Keeping in view the above discussions, we tend
to study the chaos control in rotational motion of a
satellite in an elliptic orbit around the earth. The class of
Hamiltonian system of the rotational motion of a satellite
can be written in the form of H=H0+eV which can be read
as a sum of an integrable Hamiltonian H0 (with an actionangle variable) and a small perturbation eV. The naive
choice for a control term would be f(p, q, v)=-eV but this
would be useless since it is of the same magnitude of the
source of chaotic transport and thus would require a major
modification of the physical condition of the system of
interest. So for the small perturbation, we have obtained
a term to control the chaotic diffusion in the dynamics
of the system under consideration. The main advantage
of the control term (f) is that it is explicit in nature. Due
to its explicit nature, we have an opportunity to study
simultaneously the dynamics of the system with and
without control term (i.e. H=H0+eV+f and H=H0+eV).
For the perturbed Hamiltonian H=H0+eV, a control
term has been estimated by Vittot [27] up to O(e 2). The
inclusion of this term in the above tested Hamiltonian
gives us the more regular dynamics or less diffusion than
the uncontrolled Hamiltonian.

2. APPLICATION TO A SATELLITE IN AN
ELLIPTIC ORBIT
The equation of motion of satellite planar oscillation in
an elliptic orbit around the earth is taken from Murray et
al.[28], given by
2C  − 3( B − A)

Gm p
r3

3( B − A)

(1)

sin 2 = 0

Let C = , Gmp=μ, ψ=ν-θ, f=ν and using the relations
2
h =μl, l=a(1-e2), r 2  = h and l = 1 + e cos , the equation (2.1)
r
may be written as
(1 + e cos )

2
0

2
d2
d
− 2e sin
+ 0 sin 2( − ) = 0
2
d
d
2

(2)

Taking θ=q and dd = p and using the Hamilton’s
canonical equations (i.e. ddp = − ∂∂Hq, dq = ∂H ), the Hamiltonian
d
∂p
of the same system of the rotational motion of a satellite
in an elliptic orbit around the earth may be written as
2
 2

1 2
p + 0 cos 2(q − ) + e  0 cos 2(q − ) cos − p 2 cos 
2
4
 4


H=

(3)

In order to apply the control theory described in[7], we
need to put Hamiltonian (2.3) in an autonomous form.
We consider that is an additional angle whose conjugate
action is E. Now, the autonomous Hamiltonian is given by
2
 2

1 2
p + 0 cos 2(q − ) + E + e  0 cos 2(q − ) cos − p 2 cos 
2
4
4



H=

(4)

Where the actions are A=(p, E) and the angles are
Φ=(q, ν). The unperturbed Hamiltonian that will be used
to construct the operators Γ, R & N is
H 0 ( p, E ) =

2
1 2
p + 0 cos 2(q − ) + E
2
4

(5)

The action of {H0}, Γ, R & N on function
∑ Vk ,k ( p, E )ei ( k q+k ), V∈ A is given by

V ( p, q, E , ) =

1

k1 , k2 ∈Ζ

{H 0 }V =

∑

k1 , k2 ∈Ζ

∑

ΓV =

k1 , k2 ∈Ζ

ℜV =

∑

k1 , k2 ∈Ζ

ΝV =

∑

k1 , k2 ∈Ζ

1

2

2

i (k1 p + k2 )Vk1 ,k2 ( p, E )ei ( k1q + k2

)

(k1 p + k2 ≠ 0)
Vk1 ,k2 ( p, E )ei ( k1q + k2
i (k1 p + k2 )

)

(k1 p + k2 = 0)Vk1 ,k2 ( p, E )ei ( k1q + k2

)

(k1 p + k2 ≠ 0)Vk1 ,k2 ( p, E )ei ( k1q + k2

)

where the proposition x=(k1p+k2) vanishes if k1p+k2 is
wrong and it is equal to 1 when k1p+k2 is true. Now, the
action of these operators on
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V ( q, ) =
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4
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for p≠0.5, 1.5.
∞
Since RV=0, the control term is given by f (V ) = ∑ f s ,
s =2
where fs is the order of es and given by the formula
1
f = {ΓV , f }, where f =V and the terms in the series are
1
s
computed by recursion. In particular, the first term f2(p, q,
ν) is given by
s

1
f 2 ( p, q, ) = − {ΓV , V }
2
2
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= −  4 p sin + 0
+
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2(2 p − 3) 2
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Figure 1
For ω 0=0.9; e=0.7; q(0)=0; p(0)=0; a=0, figure 1(a)
shows the dynamics of the system under consideration
through the Poincare surface of section without the
control term while in figure 1(b), we have shown the
dynamics of the same system including the control
term. The Poincare surface in figure 1(a) depicts
the jargon of chaos (broken KAM tori) whereas the
Poincare surface in figure 1(b) depicts the formation of
lots of KAM tori in the vicinity of the region , which is
the clear indication that chaos is suppressed using the
above estimated control term.

sin(2q − )   02
  sin(2q − 3 )
2(2 p − 1) 2   2

2
0

cos(2q − 3 )
+
2(2 p − 3)

2
0

cos(2q − ) 

2(2 p − 1) 

where {. , .} is the Poisson bracket.
The main purpose of the above calculation is to have a
control term which is as simple as possible in order to be
implemented in the experiment. A possible simplification
is to consider the region in the neighbourhood of the two
primary resonances located around p=0.5, 1.5. We have
developed the approximated control terms in the vicinity
of the region p=0. Thus, more practically f2 may be written
as:
f2 = −

CONCLUSION
We have provided an effective strategy to control the
chaotic diffusion in Hamiltonian dynamics using small
perturbations. Due to the explicit formula of the control
term, we have compared the dynamics without and with
the control terms. A Hamiltonian H0+eV is controlled by
adding a control term f. The naive choice for a control
term would be f=-eV but this would be useless since
it is of the same magnitude of the source of chaotic
transport and thus would require a major modification
of the physical condition of the system of interest. The
idea of the control is pictorially represented in figures 1,
where we have plotted the Poincare surface of sections
without and with the control terms. In figure 1(a) we
have plotted the surface of section without control term
whereas the surface of section, in figure 1(b) is taken
including the control term obtained in the vicinity of the
region p=0. Our computational studies reveal that the
chaos is suppressed using the estimated control term in
the Hamiltonian system under consideration. Furthermore,
this control is robust yet the estimated control term is
smaller as compared to the perturbation.

e2 04 2
sin (2q − )
32

In order to make the control term more effective,
we can change the amplitude of the control term by
introducing . Thus, the more effective and the finally
approximated control term may be written as:
f(p, q, ν)=ae2ω04sin2(2q-ν)
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