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A Fast Convergent Error Bound for Gaussian
Interpolation

Lin-Tian Luh!*

Abstract: It’s well known that there is a so-called exponential-type error bound for Gaussian
interpolation which is the most powerful error bound hitherto. It’s of the form |f(x) — s(x)| <
ci (czd)% [If1l» where f and s are the interpolated and interpolating functions respectively, ¢y, ¢, ¢3
are positive constants, d is the fill distance which roughly speaking measures the spacing of the
data points, and ||f||, is the h-norm of f where & is the Gaussian function. The error bound is
suitable for x € R", n > 1, and gets small rapidly as d — 0. The drawback is that the crucial
constants ¢, and c3 get worse rapidly as n increases in the sense ¢c; — oo and ¢c3 — 0 asn — oo.
In this paper we raise an error bound of the form

() = s < ()T Vel Il

where ¢, and ¢ are independent of the dimension n. Moreover, ¢, << ¢3, ¢3 << ¢}, and ¢ is only
slightly different from ¢;. What’s important is that all constants ¢}, ¢} and ¢} can be computed
without slight difficulty.
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First, let /2 be a continuous radial function on R" which is conditionally positive definite of order m. Given

data points (xj, fj),j = 1,..., N, where X = {xy,..

complex numbers, the so-called & spline interpolant of these data points is the function s defined by

N
s(x) = p(x) + Z cjh(x — x;),

J=1

where p(x) is a polynomial in P!, | and c; are chosen so that

N

> cialx) =0

=

for all polynomials ¢ in P; | and

N

p(xi)+chh(x,~—xj) =f, i=1,...,N.

J=1
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., Xy} is a subset of points in R" and the f; are real or

(D

2

3)
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Here P! | denotes the class of those polynomials of R" of degree < m — 1.

A famous property is that the system of equations (2) and (3) has a unique solution whenever X is a
determining set for P _, and h is strictly conditionally positive definite. More details can be seen in [8].

Therefore in our case the interpolant s(x) is well defined.

We clarify that X is said to be a determining set for P, | if X does not lie on the zero set of any nontrivial
polynomial in P _,.
In this paper the function /% is defined by

h(x) := e P g > 0. 4)

This is the so-called Gaussian function.

In [10] Madych and Nelson raise the famous exponential-type error bound for the scattered data inter-
polation of Gaussian function, as mentioned in the abstract. The computation of the constants ¢y, ¢, and c¢3
can be found in [? ]. This error bound is very powerful. However, too many data points may lead to a large
condition number when solving the linear system (2) and (3). There will be a significant improvement of
the ill-conditioning if a better error bound can be obtained so that a satisfactory error estimate is reached
before too many data points are involved. This is what we are pursuing in this paper.

1.1 Polynomials and Simplices

In this paper we will use P} to denote the space of polynomials of degree / in n variables. It’s well known

+1
that it has dimension dimP} = ( . ) We will denote dimP} by N in this section. Let E C R" be compact.
n

The interpolation theory tells us that if xy, ..., xy € E and do not lie on the zero set of any nontrivial g € P},
there exists Lagrange polynomials [;, i = 1,..., N, of degree [ defined by /;(x;) = 6;;, 1 < i, j < N, such that
for any f € C(E), (IL;f)(x) := Zfil f(x)li(x) is its interpolating polynomial. It’s easily seen that IT;(p) = p
for all p € P} and hence the mapping 11, : C(E) — P} is a projection. Let

N
I = ma}fle] 1)l
A famous property says that for any p € P/,

lIplleo < IITLII max |p(x;)
1<i<N

The compact set E discussed in this paper will be mainly an n-dimensional simplex 7, whose definition can
be found in [2].

It will be convenient to adopt barycentric coordinates when discussing points in a simplex. Suppose

Vi,..., Ve are the vertices of T,,. Then any x € T}, can be written as a convex combination of the vertices:
n+l
X = Z CiVi
i=1
where Zf:' ,1 ¢; = 1l and ¢; > 0O for all i. The barycentric coordinate of x is then (cy,...,cy+1). Let’s define

“evenly spaced” points of degree / to be those points whose barycentric coordinates are of the form

n+l
(ki/L ka1, ... kye1/]), ki nonnegative integers with Z ki=1.
i=1
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Obviously the number of such points in 7}, is exactly N = dimP}. Moreover, by [1], we know that evenly
spaced points form a determiming set for P}.

The following lemma cited from [1] will be needed.

Lemma 1.1 For the above evenly spaced points

||H,||s(2’l‘1 )

21-1
Moreover, as n — oo, ||| = ( I )

Now, we are going to prove a lemma which plays a crucial role in our construction of the error bound.

Lemma 1.2 Let Q C R" be an n simplex in R" and Y be the set of evenly spaced points of degree | in Q.
Then, for any point x in Q, there is a measure o supported on Y such that

f pyda(y) = p(x)

fd|a|(y)s( 211"1 )

Proof . LetY = {y1,...,yn} be the set of evenly spaced points of degree [ in Q. Denote P} by V. For any
x € Q, let 6, be the point-evaluation functional. Define T : V — T(V) C RN by T(v) = (6y,(v)y,ex- Then T
is injective. Define ¢ on T(V) by ¥/(w) = 6,(T~'w). By the Hahn-Banach theorem, i has a norm-preserving
extension ¥, to RV. By the Riesz representation theorem, each linear functional on RV can be represented
by the inner product with a fixed vector. Thus, there exists z € RY with

Jorall pin P}, and

N
et W) = D 2jw;
=

and ||zl gry = [Fexll. If we adopt the I,,-norm on R", the dual norm will be the /;-norm.
Thus [|zllgvy = llzlli = Wexll = 101 = 116 T7I.
Now, for any p € V, by setting w = T(p), we have

N N
5u(p) = (T W) = JW) = FewsW) = Y 5w = Y 2165, (p).
=1

J=1

This gives
N
p() = > 2p(y)) 5)
=1
where |z1] + - - + [zv] = I6.77'|I.
Note that
_ 16,7 (Wl
o Tl = il
weT(V) R
w#0
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6Pl
= sup N oan
weTw) T (pllry
w#0
< s lp(x)l
pev max=1,.~ |p(y))l
p*0
I g .
c Il max =1~ [p(y))l
pey ML Pyl
p+0
= [ILll

21-1
/ .
21-1 . .
Therefore |z;| + - - - + |zn] < / and our lemma follows immediately by (5).

1.2 Radial Functions and Borel Measures

Before moving on to our main result, some background for interpolation is necessary. First, the space of
complex-valued functions on R" that are compactly supported and infinitely differentiable is denoted by D.

The Fourier transform of a function ¢ in D is

3 = f < p()d.

Then a crucial lemma introduced in [5] but modified by Madych and Nelson in [9] says that for any contin-
uous conditionally positive definite function £ of order m, the Fourier transform of 4 uniquely determines a

positive Borel measure ¢ on R" ~ {0} and constants a,, |y| = 2m as follows: For all € D

[neoweoax = [ {&(f)—;%(f) 3 DY&(O)%}@@

lyl<2m

+ 3 DO,

[yl<2m

where for every choice of complex numbers c,, || = m,

Z Z Ag+pCaCp 2 0.

|a|l=m |Bl=m

Here y is a function in D such that 1 — y(£) has a zero of order 2m + 1 at & = 0; both of the integrals

f e du@. | du@
0<|¢l<1 [€[>1

are finite. The choice of y affects the value of the coefficients a, for |y| < 2m.

2. MAIN RESULT

Before showing our main result, we need some lemmas. First, recall the famous formula of Stirling.

(6)
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Stirling’s Formula: n! ~ V2zn(%)".

The approximation is very reliable even for small n. For example, when n = 10, the relative error is

only 0.83% . The larger n is, the better the approximation is. For further details, we refer the reader to [3]
and [4].

oN—

Lemma 2.1 Letp, = % and py = 37 ~ % Then

V2mph i < k! < V2mphik

for all positive integer k.
Proof. Note that

1 V2 V3 V4 +5

can be expressed by

Now,

implies that & < pk for all k. Thus k! ~ V27% . k¥ < 2mpk - k.
The remaining part V2mptk* < k! follows by observing that

k
\/ﬂ(é) K< \/Zr(é)k~ Vi -k ~ k. O

Lemma 2.2 Letp = g Then k! < \2rp*k*! for all k > 1.
Proof. First,

1 K
k! ~ \/ﬂ(z)". Vi K = Var et

=
b

e

Note that { k=1,2,3,.. } can be expressed by

Our lemma follows by noting that

Lemma 2.3 Let h(x) = e PP B > 0, be the Gaussian function in R", and u be the measure defined in (6).
For any positive even integer |,

+n+2 I+n=1

n+ +n—3 1
f|§|fdu<§)sfr7‘-n-an~2z B (-1 -(2+—)
R" e
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for odd n, and

Lrn+3 Ln=2 +n=4

eldu@) <n'% n-a, 25 " B (e n—-2)"
er

for even n, where p = \/Tg and a,, is the volume of the unit ball in R".

Proof.

&l du(€)
Rn
7\ [ lel
— d
(/3) fR e

n . 1
2 .o
-y —dr
0 %

2 oo I+n-1
(%) ~n-an-(2\/ﬁ)]+”-f 4 —dr

0o e
n ! — — 0
7t on-a, _2n—1+1 ,ﬂi . (%)(% — 1)(%)f0 ﬁd‘;
if nisodd,
] n—1+1 Lolen=2vy » .
2 -n-a, -2 BA(FE)if nis even.

Let b = [#22]. Then b! < V2rp® - b*~!. Then for odd n, b = %2 Thus

ln-3

ne l+n—-1\ "2 s o o
e Vo' (AT T2 Va2t e )

and

/ el 1 [ S bn=3
fldu@) <nz -n-a, |12+-|-277 -p2-p 7 -(I+n-1)"7,
R e

by noting that fooo ﬁdv <2+ % For evenn, b = % Thus

l+n—4

+n—" l + - 2 2 —l=n+ +n—" +n—
bl < V2mp T (”T) =V2r- 273 T L (l+n-2)"T,

and

Ln+3

Eldu@) <77 n-a, -2
Rn

l+n—4

BropT (+n-2)"T. O

Our interpolation is based on a function space called native space, denoted by Cj, ,,. If

Dy = {¢ €eD: fx“q}(x)dx =0 for all la| < m}

, then Cp m is the class of those continuous functions f which satisfy

< (f) { f hx - y)¢(x>@dxdy}2 ™

] f FOPx

for some constant c¢(f) and all ¢ in D,,. If f € Cj, let||f|l, denotes the smallest constant c¢(f) for which
(7) is true. It can be shown that || f]|; is a semi-norm and Cy,, is a semi-Hilbert space; in the case m = 0 it
is a norm and a Hilbert space respectively. In this paper both the interpolating and interpolated functions
belong to the native space.
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The function space Cy,, was introduced by Madych and Nelson in [8] and [9]. Later Luh made a
lucid characterization in [6] and [7]. Although there is an equivalent expression for Cj,,, which is easier to
understand, we still adopt Madych and Nelson’s definition to show the author’s respect for them. The main
result of this paper is the following theorem.

Theorem 2.4 Let h(x) := e P be the Gaussian function in R". For any positive number by, there are
positive constants dy, ¢, ca, and c3 independent of n, for which the following is true: If f € Cp,, , the native
space induced by h, and s is the h spline that interpolates f on a subset X of R", then

1£(x) = sl < 1 V3(c26) - IIflln (8)

for all x in a subset Q of R", and 0 < 6 < &, where Q satisfies the property that for any x in Q and any
number b—2“ < r < by, there is an n simplex Q with diameter diamQ = r,x € Q C Q, such that for any integer
[ with b—(so <I< %, there is on Q an evenly spaced set of centers from X of degree | —1.(In fact, the set X can

be chosen to consist of these evenly spaced centers in Q only.) Here ||f||; is the h-norm of f in the native

. . 1
space. The numbers by, c1, c2, and c3 are given by ¢ := min| by, W} where p3 = 124 - \JeB ;
3" 0

. A”-ﬁ~ﬁ for odd n,
A \/1%'\/#170 for even n,

o —p§-33-27 ba,

o=,

n-1 1

2+ % -7 - (nay)? ¥ -p% for odd n,

n=l 1 ntl

«,0"4;2 for even n, withp = g as in Lemma2.3
,where the number «, denotes the volume of the unit ball in R".

In particular, if the point x in Q is fixed, the only requirement for Q is the existence of an n simplex Q,
with diamQ =r, x € Q C Q, satisfying the afore-mentioned property of evenly spaced centers.

Proof. For any by > 0, let §y := min {bo, } where p3 = 124 . VepB. For any 0 < § < &, there exists

an integer / such that 1 < %l < 2since 0 < % < 1. Such [ satisfies % <Il< % and % < %l < by.

1
p§-33-27~h3

For any x € Q, let Q be an n simplex containing x such that Q € Q and has diameter diamQ = %. Then
Theorem4.2 of [9] implies that

1f(x) = sl < cill flln fR” v = xl'dlor|(y) ©))

whenever [ > 0, where o is any measure supported on X such that

f py)do(y) = p(x) (10
R/l

for all polynomials p in P} . Here 1
| {_-|21 2
cr = ——d
1 { () (&)
whenever [ > 0. Be careful. We temporarily use ¢y, ¢3, ¢c3 to denote numbers which are totally different
from the ¢y, ¢, c3 mentioned in the theorem.
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Let Y be the set of evenly spaced centers from X of degree [ — 1 on Q. By Lemmal.2, there is a measure
o supported on Y such that (10) is satisfied and

21-3
d <
[aew<( %27
The crux of our error estimate is to bound
I=a [ b= xldoio)
R/l

Now Lemma?2.3 applies. For odd n,

1 1/2
a = - e du(€)
l! R/X

l n+l 2l+n+2 Zl+u 1 2[+n 3 1 1/2
< T T2 n-a,-2 2 BQl+n-1)"2 2+;

1 n— +n—3 1
< n{ a2 2% p“]'(\/Zpﬁ)’~(21+n—1)21“3'V2+_}

! e
<

n+ n+: n— +n=3 1
{nf(nan)”z 2T T (V2B L+ n - 1) (2 + Z)} /{Na2m -l - 1)
by Lemma?2.1

n— n n— +n—. 1 1/2
= 2T ()28 T ph ( )(21+n—1)2’ : (2+—)
‘ e

V5B
P1

1 1 -
= N7 phg@len - 1) where A" = ,/2+ — 1T (nay,) P2

Note that the diameter of Q is %’. This gives for/ > n—3

where p3 =

2U+n—

I < AP Q@L+n—-1)75

*(diamQ)' ( le__ 13 )

2
< ANPITGDY (5 l)’( 1= 3)if12n—3
= NP3 (5 l*/“)’( 2-3 ) ifl>n-3
6 20-3
- ” 3/4% 13/4\1
Aps37 51 )( I-1 )
l
1 (260 1 1 1
< A {p333/4 '3 '6(70) T\/: ) by Stirling’s formula and
bo <%0
5 5
11 1
— A" p333/4‘2(2b0)3/461/4 -
{ } 16m VI—1
< An{p333/4_2,23/4.173/4_61/4}%” 1
B 0 l6r Vi—1

o]
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1

h 33/4 .o . 03/4. b3/4 (51/4<1 51/4 - Which
where ps3 - iff 3 b3/4 whic
] teed by 6 < 0 min 4 b !
is guarantee <9 = T o 3
8 y 0 Op;‘-33-27~b3
O | 1
< AN,D4‘33’27 b3 646 -
g oo e Vi
1 g 1 by
< A {G6} - where G = p33°2'b} and g = —
Vier Vi—1 ’ 4
A" ¢ 1
~ {Go}e — (if [ >>0)
Viér l
A" 1 g b 2b
< | — Vo{G8Ys since = <1< =iflzn-3
167 N bo 0 0
Forevenn,if [ > n—4,
I = f ly — xl'dlorl(y)
R

< AN'pL-I'@L+n—2)"5 (dimQ) ( 211:13 )

_ - " 2

where A" = 1'% - (nay)? - 25 - p'T and py = ~ 0B
P1
_ //l' —1 oyl ol 21-3
= Apy-IQl+n-2)"+ (2)( -1
1\'( 21 -

< ApL- (31)% o (5) ( ll_ 13 ) sincel >n—4

1
1 1
1033214 = ) ——— 4" by Stirling’s formula

IA
A

VAN
l
1 1 3 1 3 1
= AN — .= 37 . —.8li4| —
= 4(p3 2 ) Vi=1
1
~ A —(p3 233814 (if | >> 0)
Vier Vi
3y
1 1 3 2bp \* b 2b
< A - — p3-2~31~6~(—0) since —~ <1< =2
Vier Vi g 0 g
1 1 7 3 3 1!
= A" -—{p3-21-31-b4-61}
Vier Vi 0
< oAt 1{ 2t.31 i 5i}b“0 h
< ——— - —=P3: 2% 37D, - where
16r Vi 0

1

3
03 2% .33 by 0% <1iffo< which is guaranteed by

4 .27.33. b3’

1
6 <8 := min{—, bo}
Pg .27.33 -b(3)

1
16

AII

IA

{p3-27-3% by - 6)"

N
s|~



Lin-Tian Luh/Progress in Applied Mathematics Vol.1 No.2, 2011

1 1 g bO
= A - —{G6)s whereG =p%-2"-3 b3 and g = —
Vier Vi ’ 0 4
1 1 g b 2b,
¢ e \/S{G(?}? since — <1< =2,
Viér by S 5
Our error bound (8) then follows immediately by letting p3 = Vef - 12i. O

In the proof of Theorem?2.4 although we require that / > n—3 for n odd and [ > n —4 for n even, besides
| >> 0, it usually causes no trouble because 6 — 0 implies / — oo and usually ¢ is very small. In order to
make the theorem easier to understand, we don’t put these requirements into the theorem.

Remark. In theorem2.4 we avoid using the well-known term “fill distance” for scattered data approxi-
mation because in our approach the data points are not purely scattered. However the number ¢ is in spirit
equivalent to the fill distance in the sense that 6 — 0 iff the fill distance d(Q, Y) — 0 where Y is the evenly
spaced centers from X of degree / — 1 on Q. Note that d(Q,Y) — 0iff ] - co,and [ — 0 iff § — 0.

Furthermore, although the function space Cy,, is defined in a complicated way, there is a simple expres-
sion for it. This can be seen in Wendland’s book [11] where Madych and Nelson’s native space [8] and Wu
and Schaback’s native space [12] are unified in an elegant way.

3. COMPARISON

The exponential-type error bound for Gaussian interpolation raised by Madych and Nelson in [10] is of the
form

F) = 5| < a1(@20) 7 |l as 5 = 0 (11)
where a; is about the same as c; of (8), a3 = 8”—70” anday = (3%*-¢- \2pB- \n-e*")* - b} -y, where p = g,
by is the side length of a cube and vy, is defined recursively by

yi=2, Y, =20l +y,-1)if n>1.
These can be seen in [10] and [? ]. Note that y,, — oo rapidly as n — co. The first few examples are
vi=2, v =12, y3 =78, v4 = 632 and y5s = 6330.
This means that for high dimensions, a, will become extremely large and a3 extremely small, making the

error bound meaningless.

Our new approach avoids this drawback. Although we require that the centers be evenly spaced in the
simplex, it causes no trouble at all both theoretically and practically.

REFERENCES

[1] L.P. Bos. (1983). Bounding the Lebesgue Function for Lagrange Interpolation in a Simplex. J. of
Approx. Theory, 38, 43-59.

[2] W. Fleming. (1977). Functions of Several Variables, Second Edition. Springer-Verlag.

[3] J. von zur Gathen and J. Gerhard. (2003). Modern Computer Algebra, Second Edition. Cambridge
University Press.

[4] R.L. Graham, D.E. Knuth, and O. Patashnik. (1994). Concrete Mathematics. Addison-Wesley, Read-
ing MA, 2nd edition.

10



Lin-Tian Luh/Progress in Applied Mathematics Vol.1 No.2, 2011

(5]
(6]
(7]

(8]

(9]

I.M. Gelfand and N.Y. Vilenkin. (1964). Generalized Functions, 4. New York: Academics Press.
L.T. Luh. (2001). The Equivalence Theory of Native Spaces. Approx. Theory. Appl., 17(1), 76-96.

L.T. Luh,(2008). The Crucial Constants in the Exponential-type Error Estimates for Gaussian Inter-
polation. Analysis in Theory Appl., 24(2), 183-194.

W.R. Madych and S.A. Nelson. (1988). Multivariate interpolation and conditionally positive definite
function.Approx. Theory Appl. 4(4), 77-89.

W.R. Madych and S.A. Nelson. (1990). Multivariate interpolation and conditionally positive definite
function, II. Math. Comp. 54, 211-230.

[10] W.R. Madych and S.A. Nelson. (1992). Bounds on Multivariate Polynomials and Exponential Error

Estimates for Multivariate Interpolation. J. Approx. Theory, 70, 94-114.

[11] H. Wendland. (2005). Scattered Data Approximation. Cambridge University Press.
[12] Z. Wu and R. Schaback. (1993). Local Error Estimates for Radial Basis Function Interpolation of

Scattered Data. IMA J. of Numerical Analysis.

11



