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Figure 1
Variation of the Hurst Index h(q) with q for ETF Funds

Figure 2
Variation of the Singularity Spectrum f(α) for ETF Funds
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The running deviation in price change from a mean x
over an interval u is
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The length N of the time series is partitioned into 

n segments, each of length s, nsN = . A least square 
method can be used to identify trends in running deviation 
over each segment k by a polynomial g(u). The average 
fluctuation Fk(s) in each subregion k is
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The average moment of the fluctuation of order q over 
n segments of the time series is
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The power-law dependence of the q-th order moment 

of the fluctuation Fq(s) in interval s of the time series 
provides an estimate of the Hurst exponent h(q), i.e.,
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Thus, the Hurst exponent h(q) of the q-th order 
fluctuation moment can be evaluated from the slope 

of the ln Fq(s) versus ln s plot. The rate of change 
of the Hurst index with the order of the moment q 
defines the singularity exponent α, (using the Legendre 
transformation), i.e., ( )F s s

dq
dh
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and the singularity spectrum f (a)
( )f q=a a a- 	 (8)

The width of fractal max min=a a aD - spectrum, the 
difference between maximum and minimum values of 
the ( ) ( )f f fmin max= a aD - s ingula r i ty  exponents 
provide an estimate of the spread in changes in fractal 
patterns. The corresponding difference in the fractal 
spectrum provides an insight into the change in frequency.

Data analysis
We have analyzed fluctuation moments Fq(s) for a range 
of order q and evaluated the Hurst index h(q) and the 
singularity spectrum f(α). Figure 1 shows the variation 
of the Hurst index h(q) with q for ETF fund in China. 
Corresponding values of the singularity spectrum is 
presented in figure 2.
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Different values of the Hurst index h(q) for different 
order q clearly exhibits multifractality. Differences in the 
multifractal patterns among the ETF funds, from figure 
2,we can see the narrowest of singularity exponent α 
of ETF180 (ETF510180), and the widest of singularity 
exponent α of small and middle cap boards ETF 
(ETF159902), it means ETF 180 have small risk, and 
small and midldle cap ETF (ETF 159902) have large risk, 
the risk level of ETF 180 (510180), ETF50 (ETF 510050), 
Bonus ETF(510880), Shengzhen ETF 100 (ETF 159901), 
small and middle cap boards ETF (ETF 159902) increase 
gradually. The multifractal patterns of the sigularity 
spectrum show the number of higher return are more 
than that of lower return for this 5 ETF fund. Further, the 
magnitude of h(q) is close to 0.5, which shows short-range 
correlation in the fluctuations in the share price.

Conclusion
Patterns of the fluctuation moments of the share prices of 
an ETF funds for about a year exhibit multifractality. Our 
analysis consists of evaluating the Hurst exponent h(q) 
and its scaling with the order of the share price fluctuation 
moment q and the associated singularity spectrum f(α). 
We find that the trends in price return of each index are 
described by a specific Hurst index h(q) which shows 
variations, with the order q of the fluctuation moments 
at higher q ≥ 0. The spread in the singularity spectrum 
could be a measure of relative risk. Among the share price 
fluctuations of the indices, we find that the small and 
middle cap ETF is relatively more risky, and ETF 180 
appears to have the lowest risk.
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